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From Streams to Stream Functions

In previous lecture:

e Systems with output: X — O x X
e System behaviour: stream.

e Stream definition principle: coinduction.

In this lecture:

e Systems with input and output: X — (B x X)A
e System behaviour: stream function.

o Algebraic specification and coalgebraic synthesis of
certain bitstream functions.



Overview

Mealy machines.

Bitstream arithmetic.

Specifying bitstream functions in infinitary binary arithmetic.
Synthesis of rational bitstream functions.

Conclusion and related work.



Mealy Machines
e A Mealy machine with input in A and output in B:
m: X — (B x X)A

e Notation: m(x)(a) = (b, y) iff x—r2>y



Mealy Machines

e A Mealy machine with input in A and output in B:
m: X — (B x X)A
b
e Notation: m(x)(a) = (b, y) iff x—r2>y
e Amap f: X — Y is a Mealy homomorphism if:

f

X %
|
(Bx x)A — gy y)
alb alb

ie. x——=y = f(x)——=f(y) forallxe X,aecA.



Example: Single bit binary counter

(Input and output A = B = 2)

om/\( 0\1/\ 1/0 /\0|o
S: —>s5 5 - s<
\-_.// \../
11 11

e after even number of 1's, output 0.

e after odd number of 1's, output 1.



Stream Function Behaviour

e The (input-output) behaviour of a state xo:
beh(Xo): (ao, di,daz,... ) — (bo, bl, b2, PN ) where

aol bo a1|by ay | bk aky1lbrt1

Xk+1

l.e. beh(xp): AY — B“ is stream function.



Stream Function Behaviour

e The (input-output) behaviour of a state xo:
beh(Xo): (ao, di,daz,... ) — (bg, bl, bz, . ) where

aol bo a1|by ay | bk aky1lbrt1
X1 . Xk+1 . o

l.e. beh(xp): AY — B“ is stream function.

e Single bit binary counter: beh(sp) = f where:

f(a)(k) = 0 if (0),...,a(k) contains even number of 1's
“ "1 1 otherwise

e Note: k-th output is determined by first k inputs.
In general: beh(x) is causal.



Causal Stream Functions

e Def. f: AY — BY¥ is causal for all a, 0 € A¥,
(Vi<k:a(i)=0(i)) = f(a)(k)=Ff(o)(k).

o Let={f|f:AY — B¥ and f is causal }.



Causal Stream Functions

Def. f: AY — BY is causal for all a,0 € A,
(Vi<k:a(i)=0(i)) = f(a)(k)=Ff(o)(k).

Let [ ={f|f:AY — B¥ and f is causal }.
Next: we define Mealy structure v : I — (B x A,

l.e., for f € I and input a € 2 define
output f[a] € 2 and next state f, € T.

a|f|a] f,



Mealy Machine of Causal Stream Functions

Given f €T and input a € A,



Mealy Machine of Causal Stream Functions

Given f €T and input a € A,

f(a:—)

Av — 5 Bw

or——f(a:0)



Mealy Machine of Causal Stream Functions

Given f €T and input a € A,

Faie hd,tl
po 12 po M0 _p o ope

o+ f(a:0)—— (hd(f(a:0)), tI(f(a:0)))
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Given f €T and input a € A,

Faie hd,tl
po 12 po M0 _p o ope

o+ f(a:0)—— (hd(f(a:0)), tI(f(a:0)))

hdo(f(a:=)) : A“—B
tlo(f(a:—)) : AY— B¥



Mealy Machine of Causal Stream Functions

Given f € T and input a € A,

Faie hd,tl
po 12 po M0 _p o ope

o+ f(a:0)—— (hd(f(a:0)), tI(f(a:0)))
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tlo(f(a:—)) : AY — B“ causal, hencein



Mealy Machine of Causal Stream Functions

Given f €T and input a € A,

Faie hd,tl
po 12 po M0 _p o ope

o+ f(a:0)—— (hd(f(a:0)), tI(f(a:0)))

since f causal:
hdo(f(a:—)) : A“ — B constant, hence in B

tlo(f(a:—)) : AY — B“ causal, hencein
Define:
fla] := hdo(f(a:=)) € B (initial output)
f, = tlo(f(a:=)) € T (stream function derivative)



Final Mealy Machine

Theorem: The Mealy machine of causal functions (I', ) is a final
Mealy machine with the behaviour map as the final map.

That is:

For all Mealy machines (X, m), the behavior map beh: X — I is
the unique Mealy homomorphism beh: (X, m) — (I',~):

I

B x NA

Ibeh
X

.

(B x X)A

(Bx beh)A



Minimal Realisations

Let (X, m) be a Mealy machine, and x € X:

e Def. The submachine generated by x in (X, m) is the least set
S C X such that x € S and S is transition closed.

e Def. (x) is realisation of f: AY — B“ if beh(x) = f.
e Def. (X, m) is minimal, if beh: (X, m) — (I',~) is injective.



Minimal Realisations

Let (X, m) be a Mealy machine, and x € X:

e Def. The submachine generated by x in (X, m) is the least set
S C X such that x € S and S is transition closed.

e Def. (x) is realisation of f: AY — B“ if beh(x) = f.
e Def. (X, m) is minimal, if beh: (X, m) — (I',~) is injective.

By finality:
e beh(f)=f for all f €T, hence

e Forall f €T, (f) is a minimal realisation of f.



Example: Single bit binary counter

0[0 o1 1/0 0[0
s Ca wﬁl = 42
8 PEEEETY
beh beh
oo . i o
(r.) e
\Tﬁ/

e le. f = beh(sp) = beh(sz) and g = beh(s1)).
e beh maps (sp) to its minimization (beh(sp)) C T



Mealy Machines, Digital Circuits and Bitstreams



Mealy Machines, Digital Circuits and Bitstreams

Specifying digital circuits
e Mealy machines invented as models of sequential circuits
(G.H. Mealy, 1955), (state = register contents).
e Mealy machine specifies circuit behaviour.

e Circuit synthesis: from Mealy machine to sequential circuit.



Mealy Machines, Digital Circuits and Bitstreams

Specifying digital circuits
e Mealy machines invented as models of sequential circuits
(G.H. Mealy, 1955), (state = register contents).
e Mealy machine specifies circuit behaviour.

e Circuit synthesis: from Mealy machine to sequential circuit.

Specifying binary Mealy machines m: X — (2 x X)?

e Binary Mealy machines realise bitstream functions.
e Bitstream functions specified in infinitary binary arithmetic.

e Mealy synthesis:
from arithmetic function expression to Mealy machine.



Infinitary Binary Expansions

e Bitstreams are 2-adic numbers (infinitary base-2 expansion):
(ap, a1, a2, a3, .. .) € 2% represents

Z;<wa;2i =ap+ a2+ 3222 + a323 + ...
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Infinitary Binary Expansions

e Bitstreams are 2-adic numbers (infinitary base-2 expansion):
(ap, a1, a2, a3, .. .) € 2% represents

Z;<wa;2i =ap+ a2+ 3222 + a323 + ...

e Examples:
B(2) = (0,1,0,0,0,0,...),
B(5) = (1,0,1,0,0,0,...),
B(-5) = (1,1,0,1,1,1,...),
B(1/5) (1,0,1,1,0,0,1,1,0,0,1,1,0,0,...).



Bitstream Algebra A

e Notation: [0] = B(0)=(0,0,0,0,...)
1] = B(1)=(1,0,0,0,...)
e Def. The bitstream algebra A = (2¥,+, —, x,1/—,[0], [1])
consists of bitstreams with 2-adic operations (details coming).



Bitstream Algebra A

Notation: [0] = B(0)=(0,0,0,0,...)

[1] B(1) =(1,0,0,0,...)
Def. The bitstream algebra A = (2¥,+, —, x,1/—,[0], [1])
consists of bitstreams with 2-adic operations (details coming).

A is integral domain, i.e., commutative ring, no zero-divisors:
xxy=0= x=0o0ry=0.

Binary expansion B: Qugq — A is homomorphism of integral
domains, where Qogg = {n/(2m+1) | n,m € Z}.



The Bitstream X

e Def. X = B(2) = (0,1,0,0,0,...).

e X plays role of formal power series variable.



The Bitstream X

e Def. X =B(2)=(0,1,0,0,0,...).
e X plays role of formal power series variable.
e Multiplying with X = B(2) is shift-right:
2x (ap+ a2+ a2%+...) = 0+ap2+ a2+ a23+...)

X X (ag,al,az, . ) = (0,30,31,32, .. )



The Bitstream X

Def. X = B(2) =(0,1,0,0,0,...).
X plays role of formal power series variable.
Multiplying with X = B(2) is shift-right:
2x (ap+ a2+ a2%+...) = 0+ap2+ a2+ a23+...)

X X (ag,al,az, . ) = (0,30,31,32, .. )

For all o = (ag, a1, a2, ...), @ = [(0)] + (X x &):

[(0)] = (40,0,0,0,...)

+ Xxdo = (0,a1,a,a3,...)
o = (30731732733”"')




Some 2-Adic Bitstream Identities

Lemma: For all a = (ag, a1, a2, a3, ...) € 2“:

Xxa = 0:a=(
[1]+(X><a) = 1:04:(1,30,31,32,...)
o = [a(0)]+ (X x o)

at+a = XX«

0, ao, a1, az, . . .)



2-Adic Bitstream Operations

Stream differential equations

e Coinductive and inductive definition of 2-adic operations.
e Inductive: e.g. define oo + 3 in terms of o and 3.

e Coinductive: e.g. define a + 3 by defining head and tail
(a+ 8)(0) and (a + )",

e Useful later when defining Mealy structure on expressions.



2-Adic Bitstream Operations

Stream differential equations

e Coinductive and inductive definition of 2-adic operations.
e Inductive: e.g. define oo + 3 in terms of o and 3.

e Coinductive: e.g. define a + 3 by defining head and tail
(a+ 8)(0) and (a + )",

e Useful later when defining Mealy structure on expressions.

Boolean operations:
For a,b € 2

a®b = (a+b) mod2 (Boolean XOR)
aANb = min{a, b} (Boolean AND)



2-Adic Bitstream Operations

2-adic sum (carry-bits propagate indefinitely):

e Example:
(1,0,0,0,...)
+ (1,1,1,1,..))
(0,0,0,0,...)

e Stream differential equation:

(@+7)(0) = «0)5(0)
(@+p) = (/+5)+[a(0) A 5(0)]
———

carry



2-Adic Bitstream Operations

2-adic product:
e Using o = [a(0)] + (X x o) we have:

(axp) = ([20)]+ (X xa))xp
= ([(0)] x B) + (X x ') x 3)



2-Adic Bitstream Operations

2-adic product:
e Using o = [a(0)] + (X x o) we have:

(axp) = ([20)]+ (X xa))xp
= ([(0)] x B) + (X x ') x 3)

e Using stream.diff.eq. for + together with
([a] x B) =[a] x ' and (X x B) =0 ...



2-Adic Bitstream Operations

2-adic product:
e Using o = [a(0)] + (X x o) we have:

(axp) = ([20)]+ (X xa))xp
= ([(0)] x B) + (X x ') x 3)

e Using stream.diff.eq. for + together with
([a] x B) =[a] x ' and (X x B) =0 ...
e Stream differential equation:
(ax 3)(0) = «a0)ApB(0)
(axp) = (o' x )+ ([(0)] x )



2-Adic Bitstream Operations
2-adic minus:
e Infinitary two's complement, e.g.

(1,0,0,0,...) + (1,1,1,1,...) =
= —[1] =—(1,0,0,...) =

[0]

(1,1,1,..

)



2-Adic Bitstream Operations

2-adic minus:

e Infinitary two's complement, e.g.

(1,0,0,0,...) + (1,1,1,1,...) = [0]

= —[1]=—(1,0,0,...) = (1,1,1,...

e Additive inverse: (—«) + o = [0], hence



2-Adic Bitstream Operations

2-adic minus:

e Infinitary two's complement, e.g.

(1,0,0,0,...) + (1,1,1,1,...) = [0]

= —[1]=—(1,0,0,...) = (1,1,1,...

e Additive inverse: (—«) + o = [0], hence

(=a)(0) = «a(0)
(—a) = —(a"+[a(0)])



2-Adic Bitstream Operations

2-adic inverse:

e Multiplicative inverse: 1/( satisfies:

Bx(1/8) =]
o Consequently, 1/ only defined if 5(0) = 1.



2-Adic Bitstream Operations

2-adic inverse:
e Multiplicative inverse: 1/( satisfies:
Bx(1/8) =]

o Consequently, 1/ only defined if 5(0) = 1.
e Stream differential equation (condition 3(0) = 1):

(1/6)(0)
(1/8)

1
—(8" % (1/8))

e Notation: a/f = % = ax(1/p)



Specifying 2-Adic Bitstream Functions

e Recall Brzozowski, regular expressions, formal languages:

L(—
RegExpr ) A" L(—) = language map

2x L(=)A l N
2 x RegExprAL2 x (247)A

<OBrz:DBrz>l



Specifying 2-Adic Bitstream Functions

e Recall Brzozowski, regular expressions, formal languages:

L(—
RegExpr ) A" L(—) = language map

2x L(=)A J’ N
2 x RegExprALZ x (247)A

<OBrz:DBrz>l

o We define function expressions FExpr with
— algebraic semantics [—] (given by A), and
— coalgebraic semantics £ (Brz. analogue) such that:

FExpr -] r

|

(2 x FExpr)?

(2x[-1)7?



Function Expressions

We specify functions f: 2¥ — 2% defined in language of A.

e The set FExpr of function expressions is generated by
grammar:

E,F:=0[1|X|s|E+F|—E|ExF|1/(1+(XxE)

where s is a bitstream variable.



Function Expressions

We specify functions f: 2¥ — 2“ defined in language of A.

e The set FExpr of function expressions is generated by
grammar:

E,F:=0[1|X|s|E+F|—E|ExF|1/(1+(XxE)

where s is a bitstream variable.

e Example:
E_ —X+((1+X2) xs)
1+ (X x (X+X))




Algebraic Semantics of Function Expressions

e Algebraic semantics [E]: 2¥ — 2“ by interpretation in A:



Algebraic Semantics of Function Expressions

e Algebraic semantics [E]: 2¥ — 2“ by interpretation in A:

[0](e) = [0]
[1(e) = [1
[Xl(e) = X
[sl(c) = o




Algebraic Semantics of Function Expressions

e Algebraic semantics [E]: 2¥ — 2“ by interpretation in A:

[0](e) = [O] | [E + F](o) = [El(o) + [Fl(o)
[1(e) = [1
[Xl(e) = X
[sl(c) = o




Algebraic Semantics of Function Expressions

e Algebraic semantics [E]: 2 — 2% by interpretation in A:

[0](e) = [O] | [E + F](o) = [El(o) + [Fl(o)
[1(e) = [t |[-El(o) = —[E](0)

[XI(e) = X |[ExF](o) = [El(o) x [F](o)
[sl(c) = o |[I/A+XxE)] = 1/[1]+ (X x[E])

e Note: inverse is always defined

[/ +XxE)(0) = 1/[1]+ (X x [E](9))
= 1/(1:[E](9))



Mealy Machine of Function Expressions

Want to define Mealy structure ¢: FExpr — (2 x FExpr)?
such that [—] is Mealy homomorphism.



Mealy Machine of Function Expressions

Want to define Mealy structure ¢: FExpr — (2 x FExpr)?
such that [—] is Mealy homomorphism.

FExpr |

-
~~

(2 X |I_]])2 2

(2 x FExpr)? —————— (2 xT) Aa € 2.(f[a], f5)



Mealy Machine of Function Expressions

Want to define Mealy structure ¢: FExpr — (2 x FExpr)?
such that [—] is Mealy homomorphism.

-1

FExpr f
N\ I

\;7 Aa€2f(a:—)
((hd,t‘l)of)2 /

e |
@ x FExpr2 IV o2 xae2.ifla).f)

[
|



Mealy Machine of Function Expressions

Want to define Mealy structure ¢: FExpr — (2 x FExpr)?
such that [—] is Mealy homomorphism.

FExpr = r f
/b N
¢! FExpr? 2 17 Jdae2f(a:-)
\ (0,d)? ((hd tl)o )2l / I
N
(2 x FExpr)? —> 2 Aa € 2.(f[a], fa)

e (o0,d) given by 2-adic stream differential equations.



Mealy Machine of Function Expressions

Want to define Mealy structure ¢: FExpr — (2 x FExpr)?
such that [—] is Mealy homomorphism.

FExpr = r f
‘) N
12
Ei/FExpr2 ] r2 \;7 Aa€2f(a:—)
\\ l(o,d)Q ((hd tl)o )2l / I
(2 x FExpr)? —> 2 Aa € 2.(f[a], fa)

e (o0,d) given by 2-adic stream differential equations.

e Need syntactic analogue of f(a:—).



Syntactic Analogue of f(a:—)

e Given E and a € 2, we want E(a: —) € FExpr such that
[E(a:—)1(o) = [E](a:0).
e Note: For 0 €2¥: 0:0 = [X x s](0)
lio =14 (X x s)](o)



Syntactic Analogue of f(a:—)

e Given E and a € 2, we want E(a: —) € FExpr such that
[E(a: )1(o) = [E](a:0).
e Note: For 0 €2¥: 0:0 = [X x s](0)
lio =14 (X x5s)](o)

e Define: 0:s = X xs, and
l:s = 1+Xxs
E(a:s) := result of substituting a:s for s in E

e Lemma: [E(a:s)](0) = [E](a:0) for all o € 2.



Syntactic Analogue of f(a:—)

e Given E and a € 2, we want E(a: —) € FExpr such that
[E(a: )1(o) = [E](a:0).
e Note: For 0 €2¥: 0:0 = [X x s](0)
lio =14 (X x5s)](o)

e Define: 0:s = X Xxs, and
l:s = 1+Xxs
E(a:s) := result of substituting a:s for s in E

e Lemma: [E(a:s)](0) = [E](a:0) for all o € 2.
e Mealy structure: essentially

£(E)(a) = ((o(E(a:s))), d(E(a:s)))

({0, d) given by 2-adic stream differential equations)



Mealy Machine of Function Expressions

Mealy structure &: FExpr — (2 x FExpr)? defined by:



Mealy Machine of Function Expressions

Mealy structure &: FExpr — (2 x FExpr)? defined by:

initial output (syntax)
ol = 3] (B = E3)
0[a] = 0| (E+F)[q = E[a] & F[q]
1[a] = 1| (ExF)[q] = E[a] AF[q]
Xlal = 0| (1/A+XxE) = 1




Mealy Machine of Function Expressions

Mealy structure &: FExpr — (2 x FExpr)? defined by:

initial output (syntax)

sla] = all (-E)[a] = E[q]
0[a] = 0| (E+F)q = E[a] @ F|3]
1[a] = 1| (ExF)[q] = E[a] AF[3]
X[a] = 0| (1/QA+(XxE)))[a] = 1

stream function derivative (syntax)
s = s | (—E), = —(E,+ «(E[a]))
0, = 0| (E+F), = (Ea+Fa) + «(E[a] AF[a])
1, = 0| (ExF), = (E, x F(a:s)) + («(E[a]) x F,)
X, = 1| (1/Q1+(XxE)), = —(E(a:s))/(1+ (X x E(a:s)))

where ¢(0) =0 and (1) =1



Algebraic Semantics is Final Morphism

Theorem:
For all E € FExpr and all a € 2: [E][4] E[a], and

[E.] [EL..

lLe., [-]: (FExpr,&) — (T',) is a Mealy homomorphism,
hence [—] equals behaviour map beh

FExpr |

|

(2 x FExpr)?

-
l’}’
12

D) oy



Generating Realisations

Realisation as generated subcoalgebra:

e We can compute (E) by least fixpoint computation.
e Mealy machine (E) is a realisation of [E].

e In general: minimal realisation ([E]) is infinite.
(examples: s x s and 1/(1 + (X x s)))

e In general: (E) is not minimal (and not finite).



Generating Realisations

Realisation as generated subcoalgebra:

e We can compute (E) by least fixpoint computation.
e Mealy machine (E) is a realisation of [E].

e In general: minimal realisation ([E]) is infinite.
(examples: s x s and 1/(1 + (X x s)))

e In general: (E) is not minimal (and not finite).

Ensuring finiteness and termination:

Restrict to rational function expressions.



Rational Function Expressions

e Def. E € FExpr is rational if

_ D+ (Fxs)
1+ (XxG)

where D, F, G € FExpr do not contain inverse / and s.

e Example:

E_(—X)—F((1+X2)><s) -2+ (5xs)
1+ (X x (X+X)) ( 9 )




Rational Function Expressions

e Def. E € FExpr is rational if

_ D+ (Fxs)
1+ (XxG)

where D, F, G € FExpr do not contain inverse / and s.

e Example:

E_(—X)—F((1+X2)><s) -2+ (5xs)
1+ (X x (X+X)) ( 9 )

Lemma: Let E be rational, and f = [E]
e For all g € (f), g is rational.
e (f) is finite.



Synthesis from Rational Function Expressions

Ensure minimality:

e Compute (E) modulo equivalence = where E = F if
[E] = [F].
e = is axiomatised by integral domain identities.

e Implemented by reduction to normal forms.



Synthesis from Rational Function Expressions

Ensure minimality:

e Compute (E) modulo equivalence = where E = F if
[E] = [F].
e = is axiomatised by integral domain identities.

e Implemented by reduction to normal forms.

Theorem (Synthesis)

- _ D+(Fxs) ..
For all rational E = TF(XxG) € FExpr, we can construct a finite,

minimal realisation of [E] by computing (E)/=.



Example E= (1 + X) x's

0jo 1)1 1/0 11
& S0 S1 S2
\/ \___/
01 0/0
where
beh(sp) E] 30

=1 =
beh(s;) = [14+E] = 1430
beh(s) = [ =



Example E = X3 x s
[E](c) =8 x 0 = 80.

0|1
100 1)1
0|0
6+80——>34+80
ol
10
7+ 80

1)1



Summary

Specification Semantics Realisation

FExpr —  Causal functions «—— Mealy
Rational FExpr —— Fin. state causal func. «—— Fin. Mealy




Summary

Specification Semantics Realisation
FExpr —  Causal functions «—— Mealy
Rational FExpr —— Fin. state causal func. «—— Fin. Mealy
Regular expr. «—— Regular languages «—— DFA

FExpr versus RegExp:
¢ Regular expression — DFA (Brzozowski derivative)

e Rational FExpr — Finite Mealy (stream function derivative)
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Summary

Specification Semantics Realisation
FExpr —  Causal functions «—— Mealy
Rational FExpr —— Fin. state causal func. «—— Fin. Mealy
Regular expr. «—— Regular languages «—— DFA

FExpr versus RegExp:
¢ Regular expression — DFA (Brzozowski derivative)
e Rational FExpr — Finite Mealy (stream function derivative)
e Kleene theorem: DFA «— Regular expressions.
e But: Finite Mealy /— Rational FExpr.

Synthesis (from specification to circuit):
e Generate subcoalgebra in Mealy machine of expressions.

e Rational FExpr — Finite Mealy machine (impl. in Haskell)
— Seq. circuit (can be fully automated)



Related Work

e Logic synthesis of Mealy machines:
Specification formula ¢ (in e.g. LTL). Synthesis as
constructive non-emptiness test of Biichi automaton A .

o Coalgebraic generalisation of Kleene theorem:
Kripke polynomial coalgebras, generalised regular expressions.
(work by Bonsangue, Rutten, Silva)

o Generalised structural operational semantics (GSOS)
(algebra-coalgebra interaction).



