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an infinite sequence w over X, = {0,1,...,m— 1} is called
scale-invariant if for all k > 0:

w/k =w+ ¢ mod m

forsome c e ¥ .
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the paperfolding sequence

the paperfolding sequence PF = T(071?) € ¥ is scale-invariant !

PF/1=00100110001101100010011100110110 ...
PF/2= 001 00110001101 10...
PF/3= 1 1 0 1 1 0 O 1 1 1
PF/5 = 0 0 1 0 0 1
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questions

» what is the underlying construction for scale-invariant
sequences?

» determine the arithmetical self-similarity (= set of arith.
subsequences similar) of several (classes of) streams

» relation to fractals: is scale-invariance a sufficient criterion for
turtle drawings to converge to a fractal curve?
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notation

» an infinite sequence (stream) w over an alphabet ¥ is a function
w:{1,2,3,...} — X. we write X* for the set of all infinite
sequences over ..

» let N=NU {cc}, and me N.

{0,1,...,m—1} ifmeN,
Zm: .
N if m= oo.

at+bmodm ifmeN,
atb if m= oo.

> letw=wiwows...c X y,andceXm.
W+mC= (W +mC) (W2 +mC) ....
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arithmetic subsequences

» let w € X¥ and a, b > 0. the sequence w{ € X defined by:

wg =w(a)w(a+b)w(a+2b) ... ,ie.
wg(n)=w(a+ (b—1)n)
is called an arithmetic subsequence of w.
> w/k = wf = w(k) w(2k) w(3k) ...
> (Wg)g = wog " (and (w/k)/( = w/ki).
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completely additive

» let P ={2,3,5,...} denote the set of primes
» w € X% is additive if for all a, b > 0 relatively prime

w(ab) = w(a) +m w(b)

and completely additive if (1) holds for all a, b > 0.
» e.g. logarithm is completely additive log6 = log 2 + log 3
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p-adic valuation

» let p be prime. the p-adic valuation of n > 0 is defined by:

Vp(n) = max {a | p? divides n}

» clearly v, is completely additive: vy(n1m2) = vp(n1) + vp(n2)
>

Vpo(n +1 ifn=0(mod
Vo) = {Op( ?) otherwis(e &

and hence
Vp = Too(op71 ?+1)
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prime generated sequences

» completely additive sequences are determined by their values at
prime positions . ..

» ...there must be a one-one correspondence to multisets of
primes |

» a multiset X on a set Sis a function X : S — N.
for a e S, X(a) is the multiplicity of a in X.

» the sequence V,,(X) € % generated by X : P — N is the sum of
all p-adic sequences with p € X:

Un(X)(n) = > X(p) - vp(n) modm, foralln>0.
peP
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PD = W,(2) = T»(07+)

» the period doubling sequence PD is defined as 2-adic valuation
modulo 2, i.e.
PD=1,(2)=0100010101000100010001010100 ...

» sequences generated by singleton p are Toeplitz words:

Unn(p) = Tm(0P~1 271, s0 PD = T,(07+7)

» note that (071)[0?'] = 0107 is the more familiar pattern to
define PD = T,(0107)
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V,(P)=12001222=0112121322131224131322142 ...


http://www.research.att.com/~njas/sequences/A001222
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prime generated = completely additive

» p.g. sequences are c.a.: Yy (X)(n1n2) = Vn(X)(n1) +m Vn(X)(n2)
(just because p-adic valuation is)

» c.a. sequences are p.g.: the multiset generating a c.a. sequence
w simply is w|p, i.e., the function w : N, — N restricted to the
domain P.
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completely additive = scale-invariant

a sequence w € Y% is scale-invariant (w/k = w +, ) if and only if
w — w(1) is completely additive
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PF=00100110001101100010011100110110 ...
PF =Uy(X) where X ={pcP|p=3(mod4)}



introduction

complete additive sequences
arithmetic self-similarity
conclusion

The Sierpinski stream

» what is the binary sequence behind this fractal curve?

» the Toeplitz word generated by the pattern 001111007110000117
is the desired sequence. This pattern can be simplified:

» the Sierpinski stream S € 2* is the Toeplitz word generated by
the pattern 00711 7:

S=T,(007117)

» indeed (00?7117)[(00711?)]=001111007?110000117
» S/2is generated by the set {p € P | p =2 (mod 3)} U {3}
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arithmetic self-similarity

» the arithmetic self-similarity of a stream w € ¥ is the set of
(tuples representing) arithmetic subsequences similar to w:

AS(w) ={(a,b,s)|ab>1,5c Lpn Wi =W+p5s}

» arithmetic self-similarity is closed under composition of arithmetic
progressions: p- g € AS(w), where
(a,b,s)-(c,d,ty=(a+(c—1)b,bd,s+nt)
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scale-invariant = completely additive

» asequence w € ¥¥ is called scale-invariant if, for all k > 1:

(k. k,s) € AS(w), where s = w(k)— w(1)

» asequence w € X% is scale-invariant if and only if w — w(1) is
completely additive.
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other arith. subseqs of scale-invariant sequences?

» conjecture: let w € ¥, be a non-trivial c.a. sequence. then:

AS(w) = {(k, k, w(k)) [ k> 1}

» c.a. sequences are scale-invariant, hence D.
» so far C only for w = v, m = oo
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results so far

» scale-invariant = completely additive = prime generated
» scale-invariant sequences have no self-similar arithmetic
subsequences other than those with offset 0

to be investigated:

» determine the arithmetical self-similarity of several (classes of)
streams.

» for instance of the Thue—Morse sequence M. conjecture: AS(M)
is the closure under composition of {(1,1,0),(1,2,0),(2,2,1)}

» relation to fractals: is scale-invariance a sufficient criterion for
turtle drawings to converge to a fractal curve?
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